Photon subtraction and addition are experimental means of generating non-Gaussian states from Gaussian states. Coherent subtraction or addition is a combination of photon subtractions or additions. The resultant states are quite general non-Gaussian states. The states can be photon number entangled states with arbitrary coefficients. We derive the entanglement conditions for several classes of coherent subtraction or coherent addition bipartite continuous variable states. One of the entanglement conditions is necessary and sufficient.
Introduction
Quantum continuous variable entanglement is essential for quantum information tasks realized with quantum optical means. A great deal of contributions have been devoted to the entanglement criteria of Gaussian states [1] [2] [3] [4] [5] which are continuous variable states that can be determined only by their first and second moments. Recently, non-Gaussian states attract much attentions for its good performance in quantum teleportation [6] , dense coding [7] , quantum computation [8] and nonlocality test [9] . Several entanglement criterion have also been proposed for non-Gaussian states [10] [11] [12] [13] [14] . However, types of non-Gaussian states that have been studied are sporadic and limited by experimental conditions and theoretical interest until now. We will introduce the general ideas of coherent subtraction and addition to describe non-Gaussian states and study their entanglement conditions.
To generate non-Gaussian state from Gaussian state, one of the means is to subtract (or add) photon. The photon subtraction (addition) state is a 2 ), where ρ G is a Gaussian state (hereafter referred as Gaussian kernel) , a 1 and a 2 are the annihilation operators of the two modes, a † 1 and a † 2 the creation operators. The replacement of a i with the superposition ta i + ra † i has been proposed for quantum state engineering [15] . The most generic definition of bipartite photon coherent subtraction and addition state is ρ SA = C SA ρ G C † SA , where C SA = ∞ m1,m2,m3,m4=0 A m1m2m3m4 a †m1 1 a †m2 2 a m3 1 a m4 2 , with complex coefficients A m1m2m3m4 . This is so generic a definition that all two-mode continuous variable states can be expressed in such form. The photon coherent subtraction state is
. More specifically, if the two modes are symmetry, the symmetric coherent subtraction and addition states are
respectively. The symmetric coherent subtraction or coherent addition state set is still large enough to contain many interesting non-Gaussian states. In this paper, we will study the entanglement of several symmetric coherent subtraction or addition states. Section 2 is to introduce the realignment entanglement criterion for non-Gaussian states, with a new form of the criterion in coherent state representation. Section 3 is devoted to the entanglement conditions of coherent subtraction state when the Gaussian kernel is a two-mode squeezed thermal state (TMST), when the Gaussian kernel is in its standard form. In section 4, we investigate the entanglement conditions of coherent addition states such as photon number entangled states (PNES) evolved in thermal noise and amplitude damping environment, coherent addition of TMST. Conclusions are drawn in section 5.
Realignment entanglement criterion in coherent state representation
The realignment entanglement criterion has been studied for continuous variable system recently [16] . The derivation is based on Fock space representation. We here give the criterion based on coherent state representation. A bipartite continuous variable state ρ is completely specified by its characteristic function
is the displacement operator, and a = (a 1 , a 2 )
T , µ = (µ 1 , µ 2 ) for 1 × 1 two-mode state. A Gaussian state is completely determined by its first and second moments. The characteristic function of a Gaussian state ρ G with nullified first moments (the first moments are not relevant to the entanglement and can be removed by displace-
, where γ is the 4 × 4 complex covariance matrix of ρ G . Denote α = (α 1 , α 2 ), and denote the two mode coherent state as |α = |α 1 , α 2 . In coherent state representation, we
Here σ i are the Pauli matrices, I 2 is the 2 × 2 identity matrix. The realigned density matrix ρ GR is the interchange of second and third subscripts of ρ G , namely,
where Γ R = ZΓZ, with Z 11 = Z 44 = Z 23 = Z 32 = 1 and all the other entries of the 4 × 4 matrix Z are zeros. The realignment criterion of entanglement is T r ρ R ρ † R > 1, from which we can derive a condition of entanglementT rρ R > 1. The later is easy for use but may detect less number of entangled states as the former. Here ρ R is the realignment of ρ. For a Gaussian state, we have the realignment entanglement sufficient condition
where
The non-Gaussian state produced by coherent subtraction and addition from Gaussian state can be written as derivative of functional of Gaussian state. The method to derive the entanglement criterion of non-Gaussian states can be found in Ref. [16] . To prove the necessary condition of entanglement for a Gaussian state, it is shown that a separable Gaussian state ρ II G takes the form of
where P (α 1 , α 2 ) is a Gaussian function hence positive definite, |α 1 , α 2 is the product of coherent states. Photon subtraction from Gaussian state ρ
More generic photon subtraction is the coherent subtraction, or the superposition of all possible subtraction operations, namely,
Then state ρ S is separable when ρ II G is separable, since we have
which is explicitly separable. Hence a non-Gaussian state prepared by coherent subtraction from second standard form Gaussian state is separable if the kernel Gaussian state is separable. A Gaussian state with first standard form ρ I G differs from its second standard form by local squeezing, ρ
with some properly chosen squeezing parameters r 1 and r 2 , and S 1 , S 2 are the single-mode squeezing operators. Keep in mind that the explicit separable decomposition (1) 
Consider the case of symmetric modes, we have
, where the complex co-
2 ) sinh 2r. The characteristic function can also be written as χ( 
Lets consider coherent subtraction state
If (4) is fulfilled, ρ st is separable, then ρ Sst is separable since it can be written in the form of Eq.(3).
The inverse problem is that if ρ Sst is entangled or not when ρ st is entangled. We consider the case of symmetric coherent subtraction of photon, the symmetric nonGaussian state is
The entanglement condition is 2b 0 +2c 1 < 1, so we keep b 0 −c 1 invariant. Denote ǫ = 1 − 2b 0 − 2c 0 , then ǫ is a small positive quantity for entangled symmetric TMST near the separable boundary. Expanding all the quantities in ([?]) to the first order of ǫ,
Notice that up to the first order of ǫ, we have OP R = OP , while √ τ > 1. Hence (5) is fulfilled even for infinitive small ǫ. Thus ρ SSst is entangled if ρ st is entangled. We have proven that for any symmetric coherent subtraction
produced from symmetric TMST, the necessary and sufficient of separability is (4).
Symmetric coherent subtraction of standard form Gaussian state
The first standard form Gaussian state ρ I G is completely characterized by its complex covariance matrix
The necessary and sufficient condition of the entanglement of ρ 
The same expression can be found for OP with the interchange of b and −c 1 . 
If B mn ≥ 0 for all m, n and B mn > 0 at least for one pair of m, n (m = n), the coherent subtracted state ρ SS .
One of the case is that the real and/or imaginary parts of the coefficients A m are non negative and at least two of A m have positive real and/or imaginary parts. Coherent subtraction means at least two of the coefficients A m are non zeros. We conclude that if the coefficients have positive real and/or imaginary parts, the symmetric nonGaussian state produced from the coherent subtraction of an edge separable first standard form of Gaussian state is entangled.
Coherent addition
Unlike the coherent subtraction state, the sufficient condition of separability for a coherent addition state is difficult to be found even when the Gaussian kernel ρ G is in its second standard form. We will consider the sufficient condition of entanglement for symmetric coherent addition state
in the following. An initially prepared non-Gaussian entangled state will become separable after it interact with the thermal noise and amplitude damping environment. The evolution of the state could be specified by the evolution of its characteristic function [18] . The realignment entanglement criterion for time evolution state is [16] 
. (9) where
, Ω = γ
Here n is the thermal noise, the amplitude damping.coefficient is merged in the unit of time t.
Photon number entangled state
A special case of symmetric coherent addition state is the PNES when the Gaussian kernel ρ G is the vacuum state. We have ρ P N ES = |ψ ψ| where |ψ = For a two mode squeezed thermal state evolving in amplitude damping and thermal noise channel, the initial state is |ψ
By interchanging the order of summations in (10), the entanglement criterion of the final state reduces to 1 + λ
Condition (11) can also be derived from the well know entanglement condition of Gaussian state, for the final state is Gaussian. This example shows that the choice of Gaussian kernel may not be relevant for the entanglement criterion. For a two mode coherently correlated state (TMC) with Poisson coefficients evolves in thermal noise and amplitude damping channel, the unnormalized initial state is
The function g(x) converges fast than exponential function. The entanglement criterion (10) leads to
The critical separable time is shown in Fig.1(a) for different noise n. Comparing with the direct numerical calculation [17] , we confirm that the numerical calculation of the realignment entanglement criterion of TMC is valid. Another example is the evolution of photonic Bell-state |Ψ B = c 0 |00 + c 1 |11 in thermal noise and amplitude damping environment. The entanglement criterion (10) leads to
The critical separable time is shown in Fig.1(b) , where the Simon's criterion is also shown for comparison [2] . The similar curve has been obtained by Nha's criterion [14] .
Coherent addition of two mode squeezed thermal state
The coherent addition of symmetric TMST is
The realignment entanglement criterion is still (9) , where
. We consider the case that the kernel is a symmetric TMST of critical separable, that is τ = 1.
Then
where B mn is defined as in (8) . Notice that when τ = 1, we have − c1 b0+
−c1+1 ∈ (0, 1), here c 1 < 0 is assumed as before. Hence f m,n (− c1 b0+ 1 2 ) > 0 as we have argued. So if all B mn are nonnegative (at least one of them is nonzero thus it is positive), the state should be entangled. One of the cases is that if only two of the coefficients are nonzero, say A m and A n , the entanglement condition will be
iϕm , the entanglement condition reduces to cos(ϕ m − ϕ n ) > 0.
for any m = n. Thus if the argument difference of the two complex coefficients is an acute angle, the state is entangled. Borrowing term from optics, we can say that if the coherent addition constructively interferes, the state is entangled.
Conclusions
We have introduced the ideas of coherent subtraction and coherent addition to describe many kinds of bipartite nonGaussian states and investigate their inseparability. The non-Gaussian states produced from their Gaussian kernels are quite generic. 
